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The purpose of this paper is to introduce paranorm intuitionistic fuzzy I-
convergent sequence spaces defined by compact operator and study the
fuzzy topology on the said spaces. We defined more general type of
paranorm intuitionistic fuzzy I-convergent sequence S(’u,v) = (T)(p) and
S(IO,V) = (T)(p) spaces by using compact operators. Moreover, we established
some topological properties concerning with those spaces.
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1. Introduction

After the pioneering work of Zadeh (1965), a
huge number of research papers have appeared on
fuzzy theory and its applications as well as fuzzy
analogues of the classical theories. Fuzzy set theory
is a powerful hand set for modelling uncertainty and
vagueness in various problems arising in field of
science and engineering. It has a wide range of
applications in various fields: population dynamics
(Barros et al., 2000), chaos control (Fradkov and
Evans, 2005), computer programming (Giles, 1980),
nonlinear dynamical system (Hong and Sun, 2006),
etc. Fuzzy topology is one of the most important and
useful tools and it proves to be very useful for
dealing with such situations where the use of
classical theories breaks down. The concept of
intuitionistic fuzzy normed space (Saadati and Park,
2006) and of intuitionistic fuzzy 2-normed space
(Mursaleen and Lohani, 2009) is the Ilatest
developments in fuzzy topology. Khan et al. (2014,
2015, 2017) and Khan and Yasmeen (2016a,b,c)
studied the intuitionistic fuzzy zweier I-convergent
sequence spaces defined by paranorm, modulus
function and Orlicz function.

The notion of statistical convergence is a very
useful functional tool for studying the convergence
problems of numerical problems/matrices (double
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sequences) through the concept of density. The
notion of I-convergence, which is a generalization of
statistical convergence (Fast, 1951; Esi and Ozdemir,
2016; Mursaleen and Mohiuddine, 2009a;b;2010;
Hazarika and Mohiuddine, 2013; Alotaibi et al., 2014;
Mohiuddine and Lohani, 2009; Mursaleen et al.,
2010) was introduced by Kostyrko et al. (2000) by
using the idea of I of subsets of the set of natural
numbers N and further studied in (Nabiev et al,
2007). Recently, the notion of statistical convergence
of double sequences x = (x;;) has been defined and
studied by Edely (2003), and for fuzzy numbers by
Savas (2004), Mursaleen et al. (2016). Quite recently,
Das et al. (2008) studied the notion of I and I-
convergence of double sequences in R.

We recall some notations and basic definitions
used in this paper.

Definition 1.1: A binary operation *: [0,1] X [0,1] =

[0,1] is said to be continuous t-norm, if the following

hold:

1.* is associative and commutative,

2.* is continuous,

3.x*x1=xforallx €[0,1],

4. x*y <z x» w whenever x < zand y < w where
x,y,z,w € [0,1].

Example 1.1: Define x *y = x.y where the usual
multiplication is. Then it can be shown that * is a
continuous t-norm.

Definition 1.2: A binary operation ¢ : [0,1] X [0,1] —
[0,1] is said to be continuous t-norm, if it satisfies
the following properties:
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1. ¢ is associative and commutative,

2.9¢ is continuous,

3.x00=xforallx € [0,1],

4.x oy <zow whenever x <z and y <w where
x,y,z,w € [0,1].

Example 1.2: x ¢ y = min {x + y, 1} is a continuous
t-norm.

Definition 1.3: Let X be a non-empty set. A subsets [
of X is said to be an ideal if,

SN H

.AB €
A € I

1
2.

IOU

AU
LB E A=
The above properties are called additivity and

hereditary respectively. An Ideal I is called non-
trivial if X # 1.

Definition.1.4: Let X be a non-empty set. Then F €
2x is said to be filter on X if,

1.0¢ F,
2.A,B € F=>ANBEF,
3.A€ Fa dAg >BEF.

To each ideal I, a filter F is associated defined as
F()={M < X: Mc € I}.

Definition 1.5: Let [ & 2N be a non-trivial ideal
in N. Then a sequence x = (x;)is said to be I-
convergent to a number L € R if, for every € > 0, the
set

{keN:|x,—L|}eL

Definition 1.6: Let ] € 2N be a non-trivial ideal
in N. Then a sequence x = (x;)is said to be I-
Cauchy if, for each € > 0, there exists a number N =
N(€) such that the set {k € N: |[xx — xy|= €} € I.

Definition 1.7: Let X be a non-empty set. A fuzzy set
A in X is characterized by its membership function:

Ha 1A - [0'1]

and py (x) is called as the degree of membership of
element x in fuzzy set A for each x in X.

Definition 1.8: The five-tuple (X, u,v,*,0) is said to
be an intuitionistic fuzzy normed space(IFNS) if X is
a vector space, * is a continuous t-norm, ¢ is a
continuous t-conorm and y,v are fuzzy sets on X X
(0, ) satisfying the following conditions for every
x,y € Xand s,t > 0 (Khan et al,, 2015):

a) ulx,t)+ vix,t) <1,

b) u(x,t) >0,

c) ulx,t)=1 ifandonlyif x =0

d) ulax,t) = ( ' I) foreacha # 0
e) ulx, ) *uly,s) <ulx+y,t+s),

f) u(x,t) = (0,00) - [0,1] is continuous,
g) tlim u(x,t) =1and lting u(x,t) =0,
h) v(x,t) <1,

i) v(x,t) = 0ifand onlyifx = 0,

i) viax,t)=v (x, IaLI) for each a # 0,
K) v(x,t)ov(y,s) =v(x+y,t+5s),
) v(x,.):(0,00) - [0,1] is continuous
m) tlim v(x,t) = 0 and ltirr(} vix,t) = 1.

In this case (u,v) is called an intuitionistic fuzzy
norm.

Definition 1.9: Let (X,u,v,x,0) be IFNS then the
sequence x = (x;) is said to be convergent to
continuous L € X with respect to the intuitionistic
fuzzy norm (y,v) if, for every € > 0 and t > 0, there
exists k, € N such that u(x;, —L,t) >1—¢€ andv
(xx —L,t) <€ for all k = ky. In this case we write
(w,v) —limx = L.

Definition 1.10: Let (X, u,v,*,0) be IFNS then the
sequence x = (x;) is said to be Cauchy sequence
with respect to the intuitionistic fuzzy norm (,v) if,
for everye > 0 and t > 0, there exists ky € N such
that u(x, —x;,t) >1—€ and v (x, —x;,t) <€ for
all k,1 = k.

Definition 1.11: Let K be the subset of natural
numbers N. Then the asymptotic density of K,
denoted by 6(K), is defined as 6(K) = lim%I{k <

n
n:k € K}|, where the vertical bars denote the
cardinality of the enclosed set.

Definition 1.12: A number sequence x = (x;) is
said to be statistically convergent to a number 7 if,
for each € >0, the set K(e) ={k <n:|x,; —¢|} =€
lim=|{k <

n n
n:|x, — 2|} = €}l =0, In this case we write st —
limx = 4.

has asymptotic density zero, i.e.

Definition 1.13: A number sequence x = (x;) is
said to be statistically Cauchy convergent if, for every
€ > 0, there exists a number N = N(¢) such that

1
lim—|{j < n: | —xw [} = )] = 0.

The concepts of statistical convergence and
statistical Cauchy for double sequences in
intuitionistic fuzzy normed spaces have been studied
by Mursaleen et al. (2010).

Definition 1.14: Let ] € 2N be a non-trivial ideal
and (X, u,v,*,0) be an IFNS then the sequence x =
(x;) of elements of X is said to be I-convergentto L €
X with respect to the intuitionistic fuzzy norm (u,v)
if for every € > 0 and t > 0, the set
{keN:uly,—Lt)=1—€ or vix, — L, t) <€} €

In this case L is called the I-limit of the sequence (x;)
with respect to the intuitionistic fuzzy norm (u,v)
and I, — lim(x;) = L.

Definition 1.15: Let X and Y be two normed linear
spaces and T:D(T) — Y be a linear operator, where
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D c X Then the operator T is said to be bounded, if
there exists a positive real k such that (Khan et al,,
2015)

ITx|| < kllx|l, for all x € D(T).

The set of all bounded linear operators B(X; Y)
(Kreyszig, 1989) is a normed linear space normed by
Tl =

sup ||Tx|l

x€X,||x||=1
and B(X, Y) is a Banach space if Y is a Banach space.

Definition 1.16: Let X and Y be two normed linear

spaces. An operator T : X = Y is said to be a compact

linear operator (or completely continuous linear

operator) if (Khan et al.,, 2015),

1. Tis linear,

2. T maps every bounded sequence (x;) in X on to a
sequence (T(x,)) in Y which has a convergent
subsequence.

The set of all compact linear operators C(X,Y)is a
closed subspace of B(X,Y) and C(X,Y) is Banach
space, if Y'is a Banach space.

Definition 1.17: Let X is a vector space. A function
p : X = R is said to be a paranorm if p satisfies the
following conditions:

1.p(x) = 0,forallx € X,

2.p(—x) =p(x),forall x € X,

3.plx+y) < px) +p(y),foralx,y€X,

4.if (4,) is a sequence of scalars with (1,) » (1) as (n —»
o) and (x,) is a sequence

of wvectors such that p(x,—x)—>0as(n-
) then p(4,x, — Ax) » 0asn — oo,

In this article we
sequence spaces:

introduce the following

Sty M) = {(xx) € Loo: {k € N: [T (xp — L, 0)]Pk < 1 —
€0rv[T(x,) — L, t]Pr > €} € I},

Soum M @) = {(x) € o1 {k € N: [T (x), t]Px < 1 —

€ Orv[T(xy), t]Pk = €} € I}.

We also define an open ball with center x and
radius r with respect to t as follows:

Be(r, (M) = {0 €
(k €N:u[T(xy) =T t]Pr<1—¢€
{Jw'{ Or v[T(x’,Z) — T(y’;), t]Pk > € } € 1}'

2. Main results

Theorem 2.1: S,y (T)(p) and Sj(,.,(T)(p) are
vector spaces.

Proof: We shall prove the result for S(Iﬂ‘v)(T)(p).
The proof for the other space will follow similarly.
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Let x= (xk) Y = (yk) € S(Iﬂ,v)(T)(p) and a:ﬁ be
scalars. Then for given € > 0, we have

A= {k EN: M[T(xk) - Ll,ﬁ]pk <l-e€orv [T(xk) -
t 1Pk

Ll,m] >elel,

A, = {k eEN: u[T(yk) - LZ,%m]pk <l-e€orv [T(yk) -

t 1Pk
— >E}EI.

t
2|al

A5 = {k €N u[T0a) ~ Ly,
£
2|a|

A =

]pk >1—€orv [T(xk) -
]pk <elerm
{keN:u[r0 - Lz,#l]p" >1-

e€orv [T(yk) - Lz,ﬁgl]pk < E} e F(D).

Ll,

Define the set A3 = A1U A2, so that A3 €. It
follows that A% is a non-empty set in F(I). We shall
show that for each (x) , (Vi) € S, (T (@),

ulaT(x,) + BT (vi) — (aly + BLy), t]Pe > 1 —€
or
v[aT (xx) + BT (vi) — (aLq + BLy), tIPk <€

C
A§

Letm € A, then we have,

t 1Pk t 1Pk
U [T(xm) - Ll'ﬂ] >1—corv [T(xm) - Ll,m] <
€

and

u [T(ym) — Ly, ]pk >1—€orv [T(ym) -

t 1Pk
LZ,TBI] < E.

-t
2Bl

We have

uI(@T () = BT ) — (@ Ly + BLo)IPE = 1 [aT (o) —
t1Pk t1Pk
aly, S| [BT Qo) = Bl
t 1Pk t 1Pk
= [TCom) = Luga] b [TGom) = Loy
>(1-e)x*x(1—-€e)=1-—¢.

and

V[@T Gtm) + BT (m) — (el + BLo), t1P% < v [aT (o) —
t1Pk t1Pk

“Lp;] oV [ﬁT(xm) - BLZ,E]

=v [P ) = a0 v [T - Lz,#ﬁl]pk

<€EvE=E.

Therefore

AS C

{’? € N : ulaT (xy) + BT (yx) — (aLy + BLy), t]Pk > 1— 6} _
or v[aT(x) + BT(yx) — (aLy + BLy), t]Pk <€ -

B(say).

So we have B¢ c A; € I which proves S(I#,V)(T)(p)
is a linear space.
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Theorem 2.2: Every open ball B,(r,t)(T)(p) is an
open setin S(,,y(T)(p).

Proof: Let B, (7, t)(T)(P) be an open ball with center
x and radius r with respect to t. That is

B, (r,t)(T)(p) =
{y = (Vi) € 4oo: {k € N:pt[T Cxpe) = T(yp), t]Px <1~ r}
or v[T(xy) —T(v), t]1Pk =1} €l

Lety € BE(r,t)(T)(p). Then

ulTCo) —T(), t]Pe >1—rand v[T(xp) — Ty, t]Px <
T.

Since u[T (x;,) — T (y,), t]Pk > 1 — r there exists t, €
(0,1) such that u[T(x;) — T(y), toJP* > 1 —1r and
V[T () — T(yp), tolPe < 7. Putting 7, =
ulT () — T(yp), to]P*, we have 1, >1—r there
exists s € (0,1) such that s <r and hence 1, > 1 —
s>1—r.Forry>1—s,wehaver,r, €(0,1) with
1,1, >71, and thus rp 1, >1—s and (1 —1p)o0
(1 —-ry) <s. Let r; = max{ry,»} and consider the
ball By (1 —13,t — to) (T) (p). We proof that

By(1 —rs3,t — t)(T)(p) < By (r, )(T)(p).

Letz = (zx) € By(1 —13,t — t,)(T)(p). Then
RIT i) — T(zp), t — to]P* > ry and v[T (yi) — T(z), t —

to]Pr <1 —rs.

Thus

ulT (x) — T(z), t1Pk > u[T (xi) — T (yg), tolP* *
BT i) — Tz, t — to]Px
> (rpxr3) =2 (rp*r)=21—-s5)>0-r)

and

V[T (xi) = T(zp), t]1P* < V[T (xx) — T, to]Pk o
V[T (yi) — T(zg), t — to]Px
S(A-r)e(l-mr)< (I-r)e(l-1r)<s<r.

Thus z € B{(r,t)(T)(p) and hence
By (1 —r3,t — to)(T)(p) © Bi(r, t)(T)(p)-

Remark 2.1: S{, ,y(T)(p) is an IFNS.

Define 7(,,,y(T)(p) = {A € S(,,»(T)(p): for each
x € A there exists t >0 andr € (0,1). Such that
B, (r,t)(T)(p) c A}. Then Tflw)(T)(p) is a topology
on 54, (N (®).

Theorem 2.3: The topology Tfuyv)(T)(p) on
Souw) (T () is first countable.

Proof: {Bx (%%) MP):n=1273,.... } is a local
base at x. Hence the topology Téuyv)(T)(p)
onSg,)(T)(p) is first countable.
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Theorem 2.4: S/, ,(T)(p) and Sj(,.,(T)(p) are
Hausdorrf spaces.

Proof: We prove the result for S(IIW) (T)(p). The
proof for S(I,(ﬂ‘v)(T)(p) will follow on similar lines.
Let x,y € S{,,,(T)(p) such that x #y. Then 0 <
UlT(x) = T(y)]P* < 1and 0 < v[T(x) — T(y)]Px < 1.
Put ry = u[T(x) —TOIP* , r, =v[T(x) — T(y), t]P*
and r = max {r;,1 —r,}. For each ry € (r,1) There
exists 13 and r, with 13,7, > r and hence 13 * 1, = 1,
and 1-r)e(1—-n)<A-r1). Let 1g=
max{r;,1 —r,}, then we can show the open balls
Bg (1 - rs,g) and By (1 - rs,g) are disjoint. Suppose

on Contrary there exists

t t
zeBg(1-r5)n B (1-753),
then

r = ulT(x) —T(y), t]Pc > u [T(x) - T(Z)J%]Pk *

t1Pk
u[r@ -1,
Sry*ly 2T13*1321>1

and

ry =vIT() =T, % < v [16) = T, 3] o

v[r@ -1, 4™
<A-r5)o(1-15) = (1 —13) 0 (1 —13)
S(A-1r)<n

which is contradiction. Hence S(’#Jv)(T)(p) is
Hausdorrf spaces.

Theorem 2.5: S{, ,y(T)(p) is IFNS and 1, ,,(T)(p) is
topology on S(I”JV)(T)(p). Then a
x=(x) € S(Iu,v)(T)(p), x, —»x if and
ulT (x) — T(x),t]P* > 1 and

sequence
only if

V[T (x) — T(x), t]Px - 0 as k — oo.

Proof: Fix t, > 0. suppose x; — x as (k — o0).
Then for r € (0,1), there exists n, € N such that
(xx) € By (r,t)(T)(p) for all k = n,.

B, (r,)(T)(p) = {k € N: pu[T (xy) — T (x), t]Pk <1 —
rorv[T(x;) — T(x),t]Px >r} €,

and so BEi(r,t)(T)(p) € F(I). Then1 — u[T(x,) —

T(x),t]P* <r and v[T(x;) — T(x),t]Px <r. Hence
UIT (x) — T(x),t]Pk > 1and v[T(x;) —
T(x),t]Pk - 0 as k - oo.

Conversely, if for eacht>0 u[T(x;)—

T(x),t]Pkx »> 1 and v[T(x;) — T(x),t]?* > 0as k —
oo, then r € (1,0), there exists ny, € N such that 1 —
ulT (x;) — T(x),t]Pk < r and v[T(x,) — T(x),t]P* <
r for all k=n, It follows that pu[T(xy)—
T(x),t]?* >1—r and v[T(x,) — T(x),t]?* < r for
all k = ny. Thus (x;) € B{(r,t)(T)(p) for all k = n,
and hence x;, - x.
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Theorem 2.6: A Sequence x = (x;) € S(’u_v) (T)(p) is

I-convergent if and only if for every € > 0 and t > 0
there exists a number N = N(x, ¢, t) such that

{k EN:pu [T () — L,ﬂpk >1—€corv [T () — L,;]pk <
ejeF)
Proof: Suppose that [(,,) —limx =L and lete >0

and t > 0. For a given € > 0, choose s > 0 such that
(1—€e)*(1—€)>1—sande e <s.Then for each

X € S(Iu,v)(T)(p)

A=1{k E€N:pu [T(xk)—L,%]pk31—e or v[T(xk)—
L f]pk >elel

Sl 2

and thus

AC={kEN:y [T(xk)—L,ﬂpk>1—e or v[T(xk)—
t

p
L™ <efeFm.
Conversely let us choose N € A. Then
t1Pk t1Pk
u [T () _L’E] >1—¢€ or v[T (xp) _L’E] <e

Now we want to show that there exists number N =
N(x,€,t) such that

{k € Nept [T () = T (xp), t]Pe <1 —s or V[T (x;) —
T (xy), t]Pe > s} € 1.

For this, define for each x € S(Iﬂ‘v) (M)

B={k € N:pt [T (x;)) = T (xp),t]Px <1 —s or V[T (x;) —
T (xy), t]Pe = s}.

Now we have to show that B c A. Suppose B < A.
Then there exists n € B and n € A. Therefore we
have,

p
WIT Gen) =T Gon), t1P < 1 =5 and [T () = L] >
1-—e

t1Pk
In particular u [T (xn) — L, E] > 1 — €. Thus,
L= 2 ulT Go) =T Gyt = [T o) = L3
P
ulT Ge) = i3]
>(1-e)x(1—€e)>1-—s.

Which is not possible. Also we have,

VT Ge) = T G, 1P = s and v [T (o) - L4 <ce.
In particular v [T (xy) — L,%]pk < €. Thus,

s <ulT G) =T Con), P < v [T Ga) = L™

v [T (xy) — L, %]pk
<e€o €e<s,
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which is not possible. Hence B € A. A € [ implies B €
I.

3. Conclusion

Fuzzy set theory is a powerful hand set for
modelling uncertainty and vagueness in various
problems arising in field of science and engineering.
It has a wide range of applications in various fields.
The concept of intuitionistic fuzzy normed space and
of intuitionistic fuzzy 2-normed space is the latest
developments in fuzzy topology. In the present
paper we studied a more general type of paranorm
intuitionistic fuzzy I-convergent sequence spaces
defined by compact operator and study the fuzzy
topology on the said spaces. These results provide
new tools to deal with the I-convergence in
intuitionistic fuzzy problems of sequences occurring
in many branches of science and engineering.
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